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made by Rayleigh, an Englishman, Ickart, an American, and Brekhoveidid,
a Russian, among a mmber of others.

The naterial presented here is the first part of whet will be o
three part treatment. In this first part, for rewssons that will be
explained, ve confine ouwr attention to a rather special but fundeenial
case. le shall then anticipate breifly partes two and three, which
respectively generalize and apply the resulte, ¢

STATEMENT OF THE FRODLEM

Ve wisgh to conpider the scattering of an arbitrary weve incident
won dhe irrogular surfaco separating two medi: of diffarent propagoa-
tion constants and impedances. [lowever, it resulis thet the moet
gemeral theory can be made to depend simply on a much nmare modest yob
fundanetal one. This furderental theory will. ba left in sn heurdstic
farm, in order to avoid presenting thae exeeedinzly heavy amelvede vo-
quired for a rigorous treatment.

CEQYEIRY OF ONE DIMENSIONAL SURFACE

3 ()
/%/1/2/ /L’ N
(&,%) \
\ (V)

Fig. 1

Thus, we first congider the case of a plane, simple harmonic sceolar
( acoustic) wave, incident upon an irregular one dimensional surface
z(x)1 (as in Figare 1) on which the wave potential vanishes. Make the
following identifications:

1 The one dimensional surface is an ordinary one whose generators form a
parallel family (in this csse, parallel to the y axis). The incident
wave is parallel to these generators, and hence alsc the scatiered wave.
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G(A)denotes the generalized spectrum of g(3) and the convenmtion
on )/ assures that the elementary scattered waves are outgoing.

Collacting rosults, we take as our point of departure the
equation

-L(~(§+J"G'S) _L(Ag-—l/fs)
-e i “/e d&(2) O

TEE ROLE OF GEYRALIZED HARMOIIC AMAIYSIS IU7 THE PRODIEMN.
our philosophy in studying Bg. (3) is as follows: G-()), the

generalized specirum in wave - mumber space of the scattered weve, is
according to Veiner, related to that wave by

cw‘t‘. . (;)e
&G = rum ”.” s
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W;. is the symbolic operator representing this generaliged spectrun.
Corregpending to G-()\) there is a correlation fmction Pl §) possess-
ing the usual Tourier mate

t

: A
AN= e fq«/;)d‘; (%)

The physical meaning of this transform is this: AO\) is propartional
to the intensity of waves proceeding psrallel to the line with direc-
tion cosines A, L/ . (le cell this the directian A .} Our poel is
the e¢alculation of L. ¢ 2} , the scattered intensity spoctrum, in
terns of the statistical properties of the free swface z(x). In
general, £\ will consist of both a discrete amd 2 contimous portion.
The discrete portion, where<1. is singulsr, represents plsne scattered
wvaves of finite amplitude (such as the specularly reflected wave). For
such plane waves, the integral of~L in the immediate vicinity of its
singularily is equal to the average square wave amplitude.

DETERIUATION OF THE GENERALIZED SPRCTRUM

We seek to represent the generalized spectrum as a power series
in 07, the r.m.s. surface height:

G = Z o A (M ()
and obtain
-t m iy A
e (-Lrﬁm+ - _[C ‘E(f_i_'_S_} AA,...(3) = O
! h=o ok (D
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by substituting %g. {(€) into Ig. (3) and equating to zero the net co-
efficiert of each power of a° . ins. (7) constitute sn infinite set
of slmultaneous linear equatdons for the determination of the 4, . (A).
The details of the solution of "cm" set are left for the sppendix.
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Eq. (8) is readily understood as a sequence of tems in which the
aymbolic eopaerator

X :/é,_-‘nf/ewd,,)/aﬁ{ } (9)

acts repeatedly, the rvmber of itarstions incressing unifarnly through
the pequance. Thus, interpreting X © as a p-fold iteration of the
bagic operation, Eq. (9), mnd setting

i

f(¥) [ & e (10)

we can write sinply

| L eere
.,[(;5) = =C ()

P+ K

Bquation (11) is the natural point of departure for extension of
the theory to more general situaiions. For mixed boundary conditions,
ag with electromagnetic or elastic transverse waves, it ie found thet
the operator X must be modified by including a kernel which is essene
tially the Mresnel reflection (or tranemission) coefficient for a plane
surface. The formulae are readily adapted to three dimensional suvfaces
by requirements of symmetxy, and to other types of inecident waves by
Pourier synthesis.
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THE CORREIATION FUNCTION AND SCATTERED SPRCTRA

'e are now in 2 position to write down an expresasion for the
correlation function, which by definition is

p(r8) = LB 76D 2

Here £+ is the complax conjugate of 7L‘ and the nveraze is to be <telen
over the family of surfaces § . 'e have axplicitly

PlE-£) = e-wﬁl)n (%ﬂbusl)) (13)
(14 x)(1+x"

in which the primes indicate that § is to be replaced by F - Since
the operator involves quantities to be averaged, it is necessary to
cost Zq. (13) into a form free from operatars before contamplating
numerical work. / powerful procedure consistg in considering the
various power series representations of 1 which are derivsble

on the prineiple of analytic continuation. “Th This way, successive
approximations involving simple iterations suitable for high speed
computations can be constructed as appropriate to the particula problem
at hand.

APPLICATIONS

Two applications are of some current interest, as they sppear to
require a rather detailed theory. In scatter comunications, second
order effocts ore of interest which sive rise to interactions and cone
sequent gignal distortion.

COLUMBIA UNIVERSITY
HUDSON LABORATORIES
CONTRACT N6-ONR-27135
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APPEIDIX
The fundenental oquation is (Eg. 7)
ol
= /-w.)‘) 2 [1*’}')0(4““(;) :

m! Yas

(1)
A9 =R =1 . §+8¢)

From (1) we can write

m=-o /L\o{/\)’ —VV;XEG-L“F

” s > m (2)
m¥o A= wage (_,g)}

= 14}
-2 Wx{ (¥ )AL
h<¢e

!
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liow substitute the l.h.s. of the second of Pqs. (2) into the »r.h.s.,
and get

i »{\, L) - )
An = = Bu)2 2w (Mg, o0
= oY )

W-' " -"\

+2Wﬁ “'fayx)otéw;” M,
e ;‘h Pl : (3)

~ 2

.(.f.%i)g.)g,qm"?(lz) 5 g

P
where B, (A) = W, {6’-“45.(, ¢.¥§) j»
""“'

L 2
P\&—iué:[ }' 37 )c>€>

Substitute the l.h.s. of . (3) inte the r.h.s., and get
1

Avs = Buld) + 3w [ M nsits,, . 00}
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From fx. () the rosult of repcatod substitutiona is c¢lear. Ve can
now foxm = ¢™ A, (A), vhich is

oY= —wie Y
1 e i fe R0

- W, ; fe“)’fdul,,{ fe~ M’J WA, ie'wfz“‘ s

ane Caicl IR

+ w,\i ,(C-’%MJW,\, z e G A4, Z’fe“)sé.

(8)
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This ecen be abbweviated by writing
R e 1
' ol /x’\.!t §A L L;.“H A : :
H & & : ((?‘ adis )
. 4 -
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‘o i ’\ ¥ IJ(J 7 / } 2 I :.
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. / / g
* - v . Ll
Muther, interproting the iteratod inleprals as the result of an
oporator (say X) acting repeatedly, we can write simply
wtotF el do I !
2 . |
[ % ) = - & 2 :
F h ;} S b (S) 1
| + A
, . a
*i |
i - 5
: 3 t g ( ﬁ n S ’
! X being the opeorato: J A w ] ¢
.
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It will be noticed that the operator X consists of two terms, arising
from the two additive parts of H. The second of these, i.e., that
associated with «), ie cleorly the identity operator (with change of
sign). Hence, we ¢an write .

L _e-tﬁu,ﬁ +<d,, « 8,

n s

and -H,F-crr_f' (N

Fip= o
Y

- Y veing the operator LA W{ } . quetion (7) is eiuply the
operational solution to equation (1), and as such provides a complete
check on the accuracy of our results.
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